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Abstract

An r-regular graph is said to be an r-graph if |9(X)| > r for each odd set X C V(G),
where |0(X)| denotes the set of edges with precisely one end in X. Note that every connected
bridgeless cubic graph is a 3-graph. The Berge Conjecture states that every 3-graph G
has five perfect matchings such that each edge of G is contained in at least one of them.
Likewise, generalization of the Berge Conjecture asserts that every r-graph G has 2r — 1
perfect matchings that covers each e € E(G) at least once. A natural question to ask in the
light of the Generalized Berge Conjecture is that what can we say about the proportion of
edges of an r-graph that can be covered by union of ¢ perfect matchings? In this paper we
provide a lower bound to this question. We will also present a new conjecture that might
help towards the proof of the Generalized Berge Conjecture.

1 Introduction

Graphs in this paper are simple unless otherwise specified. Let G be a graph, V(G) and E(G)
be the vertex set and edge set of G, respectively. A perfect matching of G is a set of edges,
M C E(G), such that each vertex in G is incident with exactly one edge in M.

A cubic graph is one in which every vertex is incident with exactly three edges. An edge is
called a bridge if its deletion increases the graph’s number of components and a graph is bridgeless
if it contains no bridge. One of the earliest results in graph theory due to Petersen ([9]) states
that every bridgeless cubic graph has a perfect matching. Applying the Tutte’s theorem ([11])
which states that a graph G has a perfect matching if and only if for every X C V(G), G — X
has at most | X | components with odd number of vertices, we have that every edge of a bridgeless
cubic graph G is contained in a perfect matching of G. So the question is: what is the minimum
number of perfect matchings so that every edge of a bridgeless cubic graph is covered by the
union of them? In the early seventies Berge conjectured that this number is 5:

Conjecture 1.1 (Berge Conjecture). FEvery bridgeless cubic graph has five perfect matchings
such that each edge of G is contained in at least one them.

Another well-known conjecture, which attributed to Berge in [10] but published first by
Fulkerson in [2] states that every bridgeless cubic graph contains a family of six perfect matchings
covering each edge of the graph exactly twice.
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Conjecture 1.2 (Berge-Fulkerson Conjecture). Every bridgeless cubic graph G has a family of
stz perfect matchings such that each edge of G contained in precisely two of them.

A set of six perfect matchings that satisfies Conjecture is called a Fulkerson cover of G.
Any five perfect matchings of a Fulkerson cover of a graph G covers E(G). Hence Conjecture
implies Conjecture It was proved by Mazzuoccolo in [5] that these two conjectures are
actually equivalent.

An r-regular graph G is said to be an r-graph if |0(X)| > r for each odd set X C V(G),
where 9(X) denotes the set of edges with precisely one end in X. Notice that every bridgeless
cubic graph is a 3-graph.

For a fixed positive integer r, let m} (G) be the maximum fraction of the edges in an r-graph
G that can be covered by t perfect matchings, and m; be the infimum of all mj(G) over all
r-graphs, that is

t
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Let P denote the Petersen Graph. Then one can easily observe that mg = 3,m2 =
%, m3(P) = 5, m3(P) = i‘é, m3(P) = 1. The following conjecture given by Patel in [8] is

the refinement of Conjecture
Conjecture 1.3 ([8], Patel). m$ = m3(P) for 1 <t <5, where P is the Petersen Graph.

Conjecture was proved by Kaijser Kral and Narine in [4] for the case t = 24and they also
showed that % <mj < %. m Values for m3 and m3 are still @Moreover the
bounds for m; was predicted jn [4] as 23 < m} < 1z = mj(P) and the lower bound explicitly
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are as follows:

Conjecture 1.4 (Generalized Berge Conjecture). Every r-graph has 2r — 1 perfect matchings
such that each edge is contained at least one of them.That is my, _; = 1.

Conjecture 1.5 (Generalized Berge-Fulkerson Conjecture). Every r-graph has 2r perfect match-
ings such that each edge is contained in exactly two of them.

In [6] Mazzuoccolo showed that Conjecture and Conjecture are equivalent and the
value 27 — 1 in Conjecture [1.4] is best possible.

In this paper we are concerning about the values my for » > 3 and we prove a recursive lower
bound shown in the following theorem.

Theorem 1. For any fixed integer r > 3, let ao,al, ... be a sequence of rational numbers satis-

fying af, =0 and aj = aj_; + (1 —aj_,) 2r+2(i(t1)8§7“ ;J 617%)+4) Then for any positive integer t, we

have my > aj.

Remark 1. Jin and Steffen in [3] claimed a better lower bound for m{ than in Theorem[l] In
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Note that the special case when 7 = 3 of Theorem [I]

2+ 2(t — 1)
6+4(t—1)

t

=a}  +(1- ail)m7

mi >a} =aj 4+ (1—a} )

agrees with the bound given by Mazzuoccolo in [7].

Recall that Seymour conjectured that mj,_; =1 for any r > 3. By direct calculation using
Theorem (1, we have the following lower bounds for m5,._; for some values of ;

H

| ab |
0.930736
0.897367
0.885256
0.878973
0.875227
100 | 0.864721
1000 | 0.864665
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In Section 2, we will introduce the Edmonds’ Perfect Matching Polytope Theorem which
is the main tool we use in the proof of Theorem In 'éction 3, we will present the proof of
Theorem [I] and using that we will find an upper bound in terms of ¢ for the number of edges
of an r-graph to be able to covered by ¢ perfect matchings. In Section 4, we will present a new
conjecture that generalizes the idea presented by Patel in [§], that might be useful to approach
Generalized Berge Conjecture.

2 The perfect matching polytope

Let G = (V, E) be a graph which may contain multiple edges. For any set C C E(G), if G — C
has more components than G, then C' is said to be an edge-cut in G. A k-edge-cut is an edge-
cut consists of k edges. Recall that J(X) is defined as the set of edges with precisely one end
in X C V(G). An edge-cut C is odd if there exists X C V(G) of odd cardinality such that
C = 9(X). Notice that if G is an r-graph and X C V(G) is an odd cardinality set, then r and
|0(X)| have the same parity.

Let w be a vector in RE(G). The entry of w corresponding to an edge e is denoted by w(e),

and for A C E(G), we define w(A) = > w(e). The vector w is a fractional perfect matching of
ecA
G if it satisfies the following properties:

w(e) <1 for each e € E(G),
w(9(v)

) =1 for each vertex v € V(G),
iii. w(9(X)) > 1 for each X C V(G) of odd cardinality.

Note that w = (%,1, ..., %) is a fractional perfect matching for any r-graph G.

r’r?

Let P(G) denote the set of all fractional perfect matchings of G. Clearly, if M is a perfect
matching, then the characteristic vector x™ of M is contained in P(G). Also, if wy,...,w, €



P(G), then any convex combination, ) . A\yw; with 0 < A; < 1 such that ), A; = 1, of them
belongs to P(G). So P(G) contains the convex hull of all vectors x* such that M is a perfect
matching of G. The Perfect Matching Polytope Theorem of Edmonds [I] asserts that the converse
inclusion also holds:

Theorem 2 (Perfect Matching Polytope Theorem). For any graph G, the set P(G) is precisely
the convex hull of the characteristic vectors of perfect matchings of G.

The following lemma deducted from Edmonds’ Perfect Matching Polytope Theorem, which
introduced by Kaiser, Kral, and Norine in [4], plays a crucial role in our result.

Lemma 1. [J] If w is a fractional perfect matching in a graph G and ¢ € RF | then G has a
perfect matching M such that ¢ - x™ > ¢ - w, where - denotes the dot pmducd. Moreover M
contains exactly one edge of each odd cut C' with w(C') = 1. Ltra spue.

3 Proof of Theorem [

Let M! = {My,..., M} be a set of t > 0 perfect matchings in an r-graph G. Recall that for
any positive integers » > 3 and ¢ > 0, we define

where the infimum is taken over all r-graphs. It is clear that m{ = 0 and m| = % For any
fixed integer r we define af, = 0 and for ¢t > 1,

2+ (t—1) (r*—r—4)
2r+ (t—1)(r3—r2—6r+4)

aj = az—1+ (1 —az1)

We will show that m; > aj for each index ¢ and fixed r > 3. Before presenting the proof
let us give some definitions. Let G be an r-graph and M! = {My, ..., M;} be a set of t perfect
matchings in G for ¢ > 0. For each subset A C E(G), we define

t
D(A,MY) =D |AN M.
i=1
We further define the function wy : E(G) — R for any fixed integers r and ¢ as;

, _2+t(7"2*7”*4)*2(7“*2)@(6,./\/”)
wile) = 2r +t(r3 —r2 —6r+4) '

0‘{1‘“ “L
%wﬁd—ﬁ@%mMcursive formula a and the function wj(e) defined above

are exactly the generalizations of the ones given in [7] for cubic graphs.

Observe that when ¢ = 0, we have M? = () and ®({e}, M°) = 0 for each e € E(G). Hence
wy(e) = % which is a fractional perfect matching. We further note that Kaiser, Kral, and Norine

[4], used w? and w3 in their proof for m3 = % and % <mj < %.
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A natural extension of the function wj for a set A C E(G) is defined as;

24t(rt—r—4)] —2(r—2)o(4, M)

ro N
wt(A)—(;L‘wt(e)— 2r +t(r3 —r2 —6r +4)

Instead of proving Theorem [I] directly, we prove the following technical theorem which is

slightly stronger.

Theorem 3. For any r-graph G with v > 3 and any integer t > 0, there exists a set of t perfect
matchings Mt = {My, My, ..., M} such that

T2_7‘_ —z(r— e t
(i) the function wi : E(G) — R defined as wy(e) = 2 2r+t(;13)752(7672ﬁ1$1() S [fractional

perfect matching, and

(it)

which consequently yields my > aj.

Proof: Let G be an r-graph. We prove (i) and (7i) simultaneously by induction on t.

For t = 0, let M® = (. Then by the definition of w](e), we have wfj(e) = & = 1 for any

e € E(G) and as observed earlier wy is a fractional perfect matching. Therefore (4) follows. Since
by definition afj, = 0, (ii) holds trivially. Now suppose that ¢t > 1 and let M*~t = {M;, ... M;_1}
be a set of ¢ — 1 perfect matchings in G such that wj_; is a fractional perfect matching. Let
c=1 —XUE;%MZ‘. By Lemmathere exists a perfect matching, My, in G such that c-yMt > cwp_y
and M; contains exactly one edge of each odd cut 9(X) with |X| odd and wj_,(C) = 1.

In order to prove that wj(e) is a fractional perfect matching, we need to verify the three
conditions in the definition of fractional perfect matching.

(a) for each edge e € E(G), it is clear that ®(e, M?) > 0 and therefore

; 2+t (r?—r—4) —2(r —2) (e, M") 2+t (r2—r—4)
wi(e) = < :
2r+t(r3 —r2—06r+4) 2r +t(r3 —r2 —6r+4)

It is easy to verify that 73 — 72 —6r +4 > r2 —r —4 > 0 for all » > 3, so we have w} (e) < 1.
¢
Moreover, since ®(e, M) = > |{e} N M;| < t, we have
i=1
© 2+t(r2—r—4)—2(r—2)t 2+ t(r? — 3r)
wy (e = .
P = r gt (13— 2 —6r +4) 2r +t(r3 —r2 —6r+4)

Note that 2 — 3r and 73 — r2 — 67 + 4 are positive for all » > 3. Hence w} (¢) > 0. Therefore
0<wj(e) <1



(b)

Let v € V(G) be a vertex. It is clear that |0(v) N M| = 1 for any perfect matching M.
t
Therefore ®(d(v), M?) = >~ |0(v) N M;| = t. This together with |0(v)| = r gives us
i=1

2r +tr (r* —r —4) —2(r — 2) ®(0(v), M")
2r+t(r3 —r2—6r+4)
2r +t(rd —r? —dr) —2(r — 2)t
2r +t(r3 —r2 —6r+4) -

w; (9(v)) =

as required.

Let X be an odd subset of V(G) with |0(X)| = k. Since G is an r-graph, we have k > r and

note that k and r have the same parity. By induction hypothesis we have,

2k+ (t— 1Dk (r? —r—4) —2(r — 2) 2(9(X), M*!
i 00)) = 2 )2r(+ (t—l)(7)“3—r(2—6r)+(4)( P

We will show that wy(9(X)) > 1 by considering three cases.
Case 1: k=r

From inequality we get ®(9(X),M!~1) <t —1. On the other hand, each r-cut in-
tersects each of the ¢t — 1 perfect matchings M, Mo, ... M;_1 at least once, which yields
®(9(X), M=) >t — 1. Hence ®(0(X), M!~1) =¢ —1, and so

. 2+ (=) (P = —dr) —2(r—2)(t—1)
we-1(0(X)) = 2r+(t—1)(r3 —r2 —6r+4)

=1.

Then by the choice of My, we conclude that |0(X) N M| =1 from Lemma [l Therefore

2r+tr (r2 —r—4) —2(r — 2) ®(9(X), M)
2r +t(r3 —r2 —6r +4)
2r+t (r3 —r? —4r) = 2(r — 2) [®(O(X), M) + [0(X) N My|]
2r+t(r3 —r2—6r+4)
2r+t(rd —r? —dr) —2(r — 2)t
W +t(rP—r2—6r+4)

wi (9(v)) =

Case 2: k>r w_;(0(X))=1
First, note that since w;_;(0(X)) =1, by Lemmawe have [0(X) N M| = 1.
We will show that

2k +tk (r* —r —4) = 2(r — 2) ®(9(X), M")
2r +t(r3 —r2 —6r+4)
2k + th (r? —r —4) — 2(r — 2) [P(O(X), M) + [0(X) N My|]
2r +t(r3 —r2 —6r +4)
2k +th (r* —r —4) —2(r — 2) [2(9(X), M!™1) +1]

= >1
2r +t(r3 —r2 —6r+4) -7

w (0(X)) =




. -, 2k+(t—1)k(r2—r—4)—2(r—2)®(9(X), Mt~ 1)
Since wf_,(9(X)) = ZHERA ) 2 RO

=1, we have

2(r —2)@O(X), M =2k —2r + (t - Dk (1> —r —4) — (¢t = 1) (r —r? —6r +4).

Substituting and simplifying gives,

2r+t(rP—r?—6r+4)+ A
2r+t(r3 —r2—6r+4)

w; (9(X))

where A =k (r* —r — 4) — (r® — % — 6r + 4) =2 (r — 2). In order to see that wj (9(X)) > 1,
it is enough to show that A > 0. This holds because

A:k:(r2—r—4) —( 3—T2—6r+4)—2(r—2) :(k?—T)(TQ—T‘—4),
and r2 —r —4 > 0 for all r > 3. This completes the proof of the case 2.

Case 3: k>r, w;_1(0(X))>1

. . 2k+(t—1)k(r2—r—4)—2(r—2)®(8(X),Mt~1)
Since w;_1(9(X)) = 2(r+(t—1)()7‘3—7‘2—67“+4)

> 1, we have

2(r —2)(A(X), M) < 2k —2r + (t = 1) [k(r? =7 —4) — (r® —1r* — 67 + 4)]
=2k—r)+ -1 [(k—7)(r*—r—4)+2(r—2)].

Notice that because k — r is even, both sides of inequality is even. Hence we have

2(r —2)2(A(X), M)y <20k =)+ (= 1) [(k—r)(rP —r—4) +2(r—2)] = 2. (3)

Now we will show that

_ 2k +tk (r?—r—4) = 2(r — 2) [(O(X), M) + [0(X) N My|]

w; (9(X)) 2r 4+t (r3 —r2 —6r +4)

> 1.

Applying [0(X) N M| < k and by inequality (3]), we obtain

S 2r+t(r* —r*—6r+4)+ B
T 2r4t(r3—r2—6r+4) ’

where B=Fk (r* —r—4) = (r® =12 —6r +4) +2—-2(r —2)k = (k —r)(r® = 3r) + 2(r — 1).
Since r > 3 and k > r, we have B > 0. Hence wj(9(X) > 1, and we are done with the last
case. Therefore the function wy (e) is a fractional perfect matching for any integer ¢ > 0 and
fixed r > 3.



We now complete the prove of (i7). The assertion is clearly true for t = 1 as a] = % So we
may assume t > 2. By induction hypothesis, we have

t—1

U M;
Recall c =1 — xi=t . By the choice of My, we have

XM 2 ey, (4)

t—1
Here the left hand side of (4) is ¢ - x™ = | M, \ U M;|. Since for each edge e ¢ |J M;, we

1= =1
Qsz;(_tl)l(lgr_;T_ﬁi 1 So the right hand side of is the number of edges not

covered by M?~! multiplied by QTf(t(tl)tlg’" T_QT Gi)—&- 7y which gives

have w]_,(e) =

t—1 — ) (r2 =y —
i Gt (1) p 20l

i=1

Hence

t -1 -1
\UMz‘\ = \Mt\UMi\Jf’UMz‘\
i=1 i=1 i=1

=1 24+ (t—-1)(r2—r—4 =1
('E(G”_‘UlMi')'2r+(t<—1)(7)“3( _GT)JF4)+|UM|

=1

v

Dividing by |E(G)| gives

t t—1 t—1
OO e,y UM
7 > (1 1 ) . 7 )
|E(G)| IE(G)| " 2r+(t—1)(r3 —r2—06r+4) |E(G)|
t—1
| U Ml
With the assumption that IlE:EiG)I > a;_1, we conclude that
t
M.
|}:Jl il 2+ (t—1) (r*—r—4) ;

> ap_q + (1 —aj_q)- = ag.

2r+ (t—1)(r3 =12 —6r +4)

U M;
=1

Since by definition, mj = 1nf ?121)](\4 B we have




for any integer ¢t > 0 and fixed r > 3. O

3.1 Covering an r- graph with ¢t Perfect Matchings

It is still unknown whether mj = 1 for any » > 3 and ¢ > 2r —1. The best known result for r = 3
is given by Mazzuoccolo which states that: if a cubic bridgeless graph G has fewer than L%J
edges, then there is a covering of G by t perfect matchings. Now we will generalize his result
and provide an upper bound for the size of an r-graph G so that GG can be covered by ¢ perfect

matchings by using Theorem

, t
Theorem 4. Let G is an r-graph and t be a positive integer. If |E(G)| < % (%) ,

then G can be covered by t perfect matchings.

Proof. As mentioned earlier, the special case r = 3 in Theoremwas proved in [7]. Therefore
in the proof it is enough for us to consider the case r > 4 and t > 2. Fix r > 4. Note that if
|E(G)|-m} > |E(G)|—1, then there exists a covering of G by ¢ perfect matchings. In other words,
if |[F(G)| < == then we have a covering of E(G) by t perfect matchings. By theorem , we

=
1-mj

t
know that m} > a, that is —— > —1. So it is enough to show that ﬁ < roor?Grid ) <

1=m} = 1-af” B—2r2—5r48 ) = TI—-a]’

t
or equivalently a} > 1 — v/t (f;jﬁ%&ﬁ) for each t > 2. We prove by induction on t. For the

base case, when ¢ = 2,

- r+1 1 r+1
L e
@2 7“2+7“—2+7“ r24r—2
2r+3

r(r+2)

Now we want to show that the following inequality holds for all r > 4:

2r +3 r3—2r2 —5r +8)\°
—>1—-V2 . 5
r(r+2) — \[<T3—r2—6r+4> (5)

First note that a5 > 0, for all » > 4 and one can easily check that inequality |5| holds for
2
4 <r<6. Let f(r) ::1—\@(%) . Then
27 (r3 — 2r2 — 5r 4 8) (r* — 27% — 572 4 28)
(r3 —r2 — 6r +4)° '

£y =~

It is easy to see that f’(r) < 0 for all » > 6. Therefore f(r) is decreasing and f(7) < 0.
Hence we conclude inequality holds for all » > 4 and so the result follows for ¢ = 2.

t
Now suppose t > 3 and a} > 1 — Vit (%%gjf) for each » > 4. We will show that



3 2 t+1
—(r° —2r° —5r+38
@1 2 1= t+1<r3—r2—6r+4> '

For the left hand side, we have

;oo 2@t 2+t (r*—r—4)
G+1 = 2r +t(r3 —r2 —6r+4) a 2r+t(r3—r2—6r+4) |

Applying the induction hypothesis gives,

rs 2+t (r?—r—4)
Gt = 2r +t(r3 —r2 —6r+4)
(o254 N, 2t -r—9)
r3—r2 —6r+4 2r+t(r3 —r2 —6r+4)
3 —2r2 —5r 48\ 2r—24t(r>—2r2—5r+8)
r3—r2 —6r+4 2r +t(r3 —r2 —6r+4)

= 1—x/%<

Now we are done if we can show that

3 2 t+1
r° —2r° —5r+38
D>1—-+t+1
- + <7‘3—r2—6r—|—4) ’
or simply
2r — 24t (r> —2r2 —5r + 8 3212 —5r+38 1
r (r® —2r? — 5r )Sr ro5r+8 .1 6)
2r+t(r3 —r2 —6r +4) r3S—r2 —6r4+4 t
For the left hand side of @ we have
2T—2—|—t(T3—2T2—5T+8) 2r+t(r3—27‘2—5r+8)
2r +t(r3 —r2 —6r+4) - t(r3—r2—6r+4)
2r ™ —2r2 —5r 48

t(r3 —r2—6r+4) * r3—r2 —6r+4

For the right hand side of @, we have

V t 2t 82 1613 128t4 T

from the binomial expansion, which leads to

10



1 1 1
1+4-2>214— - —.
+t_ +2t 82

Hence the right hand side of inequality @ has the following lower bound:

3 —2r? —5r+ 8 1+1>r3—2r2—5r+8 11
r3—r2—6r+4 t = r3—r2—6r+4 2t 8t2 )’
So for the inequality @, it is enough to show that
2r +r3—2r2—5r+8<r3—27’2—5r+8 1 1
t(r3—r2—6r+4) 1 —r2—6r+4 — B —r2—6r+4 2t 8t2)°

which can be simplified to

16t 9 8
<r?_2r—5+4-.
1= r r—295+4 ;
One can easily check that the last inequality holds for any r > 4 and ¢ > 2. Therefore we
t
proved aj > 1 — Vi (:;:2%) for each t > 2 and we are done. O

Theorem [4] gives an upper bound, in terms of ¢, for the number of edges of an r-graph G so
that G can be covered by t perfect matchings. Here we want to note a trivial upper bound for ¢
such that any r-graph G has a covering by t perfect matching.

Seymour, in [10], generalized the well-known Petersen Theorem, which states that every cubic
bridgeless graph (3-graph) has a perfect matching, to r-graphs. Therefore we know that every
r-graph G has at least one perfect matching, and according to the Tutte’s Theorem, every edge
of an r-graph G is contained in at least one perfect matching. Since |E(G)| = %, trivially there
is a family of % perfect matchings of G' (not necessarily distinct) that covers E(G). That is
m’%r(G) =1, for any r > 3.

Now we turn our attention to r-graphs where r > M We know now by Theorem (4] if

(7)

nr 1 (7“3—7“2—67“+4>t

2 Vi \rd =22 —5r +8

then G can be covered by ¢ perfect matchings.

Taking the log of both sides in gives

r?—r—4 1
1 1 — log(2 tl 1 — —log(t
ox(rn) +1og(r) ~Tog(2) < thog (14 5,220 ) = Dowt)

which yield

11



log(n) 4 log(r) — log(2) + %log(t)‘

2_p_4
log (1+ 525055

Here we note that f(r) := log (1 + 7"3_’";;27’”__547%> —1/r > 0. Indeed

r° + 4rt — 2973 4 147 + 687 — 32
r2.(r3—2r2 —5r4+8)(r3 —r2 —6r +4)

fr) = <0,

for all r > 3. Moreover f(3) = 0.3598 > 0, and lim f(r) = 0.
r—00

Therefore if

logn + logr — log2 + 1t
;< los gl g 2t
'

then G can be covered by t perfect matchings. Since n < 2r by assumption and ¢ < &

2
taking

t = [3rlogr]|

gives my (G) = 1.

Corollary 3.1. Let G be an r-graph of order n < 2r. Then mj(G) =1 when t = [3rlogr].

4 A New Conjecture

In this section we will give a natural generalization of Conjecture for any r > 3, and using
that we generalize the results given in [8] by Patel. We further present a new conjecture that
may help in the proof of Generalized Fulkerson Conjecture.

First we define We nole At 0 "'ff"“f’z’ G 5“'("’{"“’ mflar="1," {or buy

{r\f-c-l 4 wih 14 c2e- 'l{‘ G conluins 20 Pc'ffc{' mn'(cﬁ,';:?,
M M,' "4‘,_'...} sz. Lﬂ-l/l'a il -SDHMIIB P{p},e,".ga‘_
2r(2r — 1) ’ IM,'(\MJ'IZI {o exd, 1] ol -{n el @iy

‘s

Ty =

for any r[> 3 and t > 0. Note that 7 = m/(P), where P is the Petersen Graph.
7 q CM‘(“I"[;
Remark 2. Let G be an r-graph heving 2r perfect matchings, My, . .., My, such that |M;N\M;| =

1 for each i # j, and for each e € E(QG) there is a unique pair of perfect m%gizings M; and M;

so that e € M; N Mj) e tha - isfying above property, we have mj(G) = 7/

for any ﬁ:ce%l <t<2r—1. L Swall case?
4 with st
Conjecture 4.1. m} > 77 for 1 <t <2r — 1) $pecifically, mh,_; = 1.

The property explained in Remark [ clearly holds for the-3-graphs;. the Petersen graph.

However there is no r-graph known satisfying that property for » > 3 as far as we know to

12



this date. If one can find such an r-graph G among all r-graphs, then 77 = mi(G) > m].
Hence Conjecture [£.1] implies m} = 7/ and the following theorem still holds. Now we show that
Conjecture [I.5] implies Conjecture [41]

Theorem 5. Generalized Fulkerson Conjecture (GFC) implies Conjecture .

Proof. 1t suffices to show that for any r-graph G and each 1 < ¢t < 2r — 1, my(G) > 7/.
Fix 1 <t < 2r — 1. Given GFC holds for G, we can find a set of 2r perfect matchings,
M ={My,..., My}, such that each edge of G is contained in exactly two elements in M.

Let S; be a set of ¢ elements chosen uniformly and randomly from [2r]. Fix e € E(G). Since
GFC holds for G, there exists two perfect matchings, say M, and M, in M that contains e.
Then

Plec | J M) = Plac S orbe sy
1€St
= l—P(agéStandbgéSt)

o (27:2)

(%)

= 7.
Further we have the expectation,
E(|JMl)= Y Pleel]M)=IBG) 7.
1€St EEE(G) 1€St
Therefore, there exists some t-element subset of [2r], say S}, satisfying
U Mil = |B(@)]- .
€Sy

Hence my(G) > /.

Now we will give a conjecture that is stronger than Conjecture [4.1]
Conjecture 4.2. Let G be an r-graph. For each t € {1,...2r — 1}, G has t perfect matchings,
My, ..., My, satisfying:

1. no edge of G is contained in more than two of the M;’s,
2 |Uizy Mi| > 7 - |B(G)|, and
3. for every odd cut C of G, if |C| =k then Zle IM;NC| <2(k—r)+t.

We will show later that GFC implies Conjecture [£.2] but let us first present the reason why
Conjecture could be useful for proving Conjecture

13



Theorem 6. If Conjecture holds for a given t € {2,...2r — 2}, then Conjecture holds
for t + 1. If Conjecture [.9 holds for t = 2r — 1, then GFC holds.

Proof. Let G be an r-graph. Suppose G has t perfect matchings, My, ..., M; satisfying Conjec-
ture [1.2for ¢t € {2...,2r — 2}. Then set

0 if e is in exactly two of My, ... My;
we(e) = 2T1_t if e isin exactly one of My,... My
2r2—t if e is not in any of My,... M;.

Now we will check wy(e) is a fractional perfect matching for any ¢ € {2,...2r—2} by checking
the three condition given in the definition of fractional perfect matching.
i. Since 2 <t < 2r — 2, clearly 0 < wy(e) < 1.

ii. For any v € V(G), let ag, a1 and ay denote the number of edges of d(v) that are covered by
no, exactly one and exactly 2 perfect matchings respectively. Note that

ag+ay+ay=r (9)

Also since |M; N O(v)| =1 for all 1 <14 < ¢, we have

a1+ 2a9 =t (10)
Taking 52— times (relation () — 51 times (relation (10))) gives
2 1
w(0(v)) = 5 70 + 5 1= 1.

So this condition is satisfied.

iii. Let X C V(G) be an odd cardinality set with |0(X)| = k. Since G is an r-graph, it follows
that k > r. Let by, by and be denote the number of edges of 9(X) that are covered by no,
exactly one and exactly 2 perfect matchings respectively. Note that

bo + b1+ by =k, (11)

and by Conjecture [4.2] we have

b1 + 2by < 2(16‘ — T') +t. (12)

Taking 52— times (relation (II))) — 51 times (relation (I2)) gives

2
bo + by > 1.

wy(9(X)) 2 2r —t 2r—t

14



as we wanted and third condition is also satisfied. Hence wy(e) is a fractional perfect matching.
By Lemma 1, there exists a perfect matching, say M;, 1, such that ¢ -xM+1 > ¢ wy(e). Setting

t
(U M;)©
c=x =! yields

t t
t e t \c 2
|MﬂﬂLﬁm”:ﬂuﬂM)%Mﬂzxuﬂm)ﬂwﬁzw_ﬁumn\uwm
=1 =1
Therefore

t+1 t t

UM = UM+ M\ (M

i=1 i=1 i=1

v

t t
2
\UMi\+m'|E(G)\UMi\
i=1 =1

t
2r —t — 2 2
= ———— || | Mj|+ ——-|E
ST |U il + 5 - 1BG)

2 —t—2 2
— C.ml|E(G)|+ —— - |B(G

o MHEG)] + —  |E(G)]
B (2r—t—2 tdr —t —1) 2
N 2r —t 2r(2r —1)  2r—t
= 71 [E(G)]

Thus G satisfies Conjecture [I.1] for 2 <t < 2r — 1. Note that when ¢ = 2r — 1, then GFC holds.

) - |E(G)]

O]
Theorem 7. The GFC implies Conjecture [{.3

Proof. Let G be an r-graph satisfying GFC, that is G has 2r perfect matchings, My,..., Ma,
with each edge of G are in exactly two of them. Clearly, for each t € {2,...,2r —1}, any t-subset
of {Mj, ..., My} satisfy the first condition of the Conjecture

U M;
=1

E(G)]

By the Theorem |5 we know that GFC implies m; > 7/. Since mj = igf max
1yeeesdVlt

where the infimum taken over all r-graphs, we have

t
7 |B(G)| < my - [E(G)] < [ Mil.
i=1
So the second condition of Conjecture [4.2]is also satisfied.

For the third condition, first note that for any perfect matching M and any odd cut C' then
|CN M| >1. Let |C] = k. Since 327, |C'N M;| = 2k, then for S C [2r] with |S| = ¢, we have

Y IM;NC| = 2k |M;NC|

€S ¢S
< 2k —|[2r]\ S|
= 2k—(2r—t)
= 2k—r)+t
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as required. O
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